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Abstract
Motivated by the newly proposal for gravity as the effect of the torsion scalar T and trace of
the energy momentum tensor T ,we investigate the cosmological reconstruction of different models
of the Universe. Our aim here is to show that how this modified gravity model, f(T,T ) is able to
reproduce different epoches of the cosmological history. We explicitly show that f(T,T ) can be
reconstructed for ΛCDM as the most popular and consistent model. Also we study the mathemat-
ical reconstruction of f(T,T ) for a flat cosmological background filled by two fluids mixture. Such
model describes phantom-non-phantom era as well as the purely phantom cosmology. We extend
our investigation to more cosmological models like perfect fluid,Chaplygin gas and massless scalar
field. In each case we obtain some specific forms of f(T,T ). These families of f(T,T ) contain
arbitrary function of torsion and trace of the energy momentum.
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1. INTRODUCTION
Now we have a real challenge to find the best model of gravity as the fundamental force
of the world. Gravity is modelled by gauge theories. Classical gauges prepare a frame for
quantum theory. Such model of gravity must be working for two major purposes:
1-Cosmology: Different obervational data as type Ia supernovae , cosmic microwave back-
ground (CMB) , large scale structure , baryon acoustic oscillations , and weak lensing indicate
we live in an accelerating Universe [1]. We know that the classical model of gravity,namely,
General Relativity (GR) is not able to solve or describe this acceleration in a good and
reasonable form.
2- High Energy Physics: Need to have a quantum theory of gravity and beyond on it,
need to find a unified model for all fundamental forces of the Universe as an old wish of
scientist. Such theory is needed now more than other times due to the recent progresses on
experimental high energy physics.
or both of these reasons and to resolve these problems at the fundamental level, we need
some modifications to the Einstein-Hilbert action (for a review of modified gravities see [2]).
Different modification has been proposed during decades. The first and the simplest one is
to replace the Ricci scalar ”R” with an arbitrary function , namely f (R), proposed originally
in [3] and motivated by different authors (for review see[4]). Another modification is when
we insert G the invariant of Gauss-Bonnet (GB) G = R2 − 4RµνRµν + RµνλσRµνλσ. Also a
unified description by R,G exists and has several interesting properties[5]. Different GB
corrected models has been introduced to explain the dynamic of dark energy and
to solve the problem of the currently accelerating expansion of the Universe [6,
7]. These ”stringy inspired” models have been shown that are able to explain the
acceleration expansion of the Universe. Indeed,the theory which we explained
in this paper is motivated by the GB corrected models [6, 7].
Historically meanwhile another description of the gravity as gauge theory existed in which
gravity is the effect of the torsion not curvature. This model is called Teleparallel Theory
and since at the level of the gravitational action and equations of the motion is equivalent
to the GR, is called as Teleparallel Theory Equivalent (TEGR) (for a review see[8]). The
original TEGR is not conformally invariant, but a version has been proposed to preserve
this symmetry[9]
Recently inspired from f (R), new scenario proposed as gravity in the form of f(T ),
where here T is torsion scalar. It achieves many activities from different points of view [10].
A proposal for gravity is we take it as the effect of the curvature and the matter fields,
namely the model as f(R,Lm, T (m)νµ , RµνT (m)µν )[11]. Such models exist and are consistent
with the Mach’s principle. One of such extended models is f(R, T ),hereT denotes the
trace of the energy momentum tensor [13]. The model has several interesting features from
thermodynamic to dynamics 1.
Now it was the time to unify f(T ) in the form of a non minimally coupled model like
f(R, T ) and introduce it as a valid modified gravity. Very recently in [14],the authors
proposed a new model of gravity f(T, T ) in which f is an arbitrary function of torsion scalar
and the trace of the energy momentum tensor. In this work we investigate cosmological
1 Also, in [12] , a similar scenario has been investigated.
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reconstruction in the framework of this newly proposed for gravity. Before reconstruction
technique proposed in [17] and was used in f(T ) [18]. So, for f(T, T ) we have enough
motivation to study this problem.
The paper is organized as follows: in Section II we review the basic features of f(T )
gravity as the building block of the f(T, T ). In Section III we review f(T, T ). In Section
IV, we present the general framework of reconstruction technique for f(T, T ). Sections V-
XI are then devoted to construction of different cosmological epochs. We conclude the paper
in last Section.
2. F(T) GRAVITY: QUICK REVIEW
Since we deal with to an extension of f(T ) theory,so it is needed we firstly review the
program of f(T ). We start by writing the physical Riemannian metric of theory in basis of
tetrads one-forms θi:
ds2 = gµνdx
µdxν = ηijθ
iθj , (1)
We define the coordinate representation of θi as the following:
dµ = e µi θ
i; θi = ei µdx
µ. (2)
We denote by ηij = diag(1,−1,−1,−1). Its just the Minkowskian metric . We also define
{eiµ} by:
e µi e
i
ν = δ
µ
ν , e
i
µ e
µ
j = δ
i
j . (3)
In Weizenbo”ck’s spacetimes the basic object to define the geometry is an analogy of the
Levi-Civita’s connection is defined by:
Γλµν = e
λ
i ∂µe
i
ν = −ei µ∂νe λi . (4)
We need to construct the objects like Ricci tensor, Riemann and others in this new geometry.
So as the first attempt we define:
T λµν = Γ
λ
µν − Γλνµ, (5)
The second object is called as contorsion tensor :
Kµνλ = −
1
2
(T µνλ − T νµλ + T νµλ ) . (6)
Finally the useful tensor is S µνλ :
S µνλ =
1
2
(Kµνλ + δ
µ
λT
αν
α − δνλT αµα) . (7)
Now we are ready to define a quantity (scalar) in analogous to the Ricci scalar , we called
it the torsion scalar :
T = T λµνS
µν
λ . (8)
3
The general gravitational action for f(T ) in analogous to the f(R) gravity is written as:
S =
∫
e
[
f(T )
2κ2
+ Lm
]
d4x , (9)
Here as GR, κ2 = 8piG.
To find the equation of the motion (EOM) us perform a variation of the action (9) with
respect to the basis tetrads:
S νρµ ∂ρTfTT + [e
−1ei µ∂ρ(ee
µ
i S
νλ
α ) + T
α
λµS
νλ
α ]fT +
1
4
δνµf =
κ2
2
T νµ , (10)
Here T νµ is the energy momentum tensor of the matter Lagrangian Lm, fT = df(T )/dT and
fTT = d
2f(T )/dT 2.
To investigate cosmological reconstruction we adopt a flat FRW cosmological background
with the following common form:
ds2 = dt2 − a2(t) (dx2 + dy2 + dz2) . (11)
A suitable and simple basis for tetrads is the following diaginal one :
{eaµ} = diag[1, a, a, a]. (12)
For this metric by computing the associated tensors, we obtain the torsion scalar :
T = −6H2, (13)
We define the Hubble parameterH = a˙/a . We suppose that our Universe is filled with a
perfect fluid with the simple barotropic equation of state (EoS) pm = wmρm. The associated
energy momentum tensor is given by:
T νµ = diag(ρm, pm, pm, pm). (14)
So, finally EOM or as we know, modified Friedmann equations are presented by:
− TfT + 1
2
f = κ2ρm , (15)
2T˙HfTT + 2
(
H˙ + 3H2
)
fT +
1
2
f = −κ2pm. (16)
What we presented in this section is the starting point for the reconstruction of cosmological
models in f(T ) and later f(T, T ) in the next sections.
3. f(T,T ) GRAVITY
Very recently an extension of f(T) introduced [14]. This modified f(T ) gravity is
inspired by the GB corrected models as it has been investigated in literature
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[6, 7]. In this section we review the basics of f(T, T ) gravity. Let us start by writing the
gravitational action:
S =
1
16 piG
∫
d4x e [T + f(T, T )] +
∫
d4x eLm, (17)
This is an extension of f(R, T ) in which the matter field is coupled non minimally to the
geometry by T . It locally violates the equivalence principle. In this model f(T, T ) denotes
an arbitrary algebraic function which it constructed from the torsion scalar T and meanwhile
by the traces T . For simplicity we assume that the matter Lagrangian density Lm is only
a well posed function of tetrads while it has no contribution from the derivatives of tetrads,
it means ∂Lm
∂(∂ie
µ
a)
= 0 .
We perform the varietion of (17) like f (T), to find the modified EOM:
(1 + fT )
[
e−1∂µ(ee
α
AS
ρµ
α )− eαAT µναS νρµ
]
+ (fTT∂µT + fTT ∂µT ) eαAS ρµα + eρA
(
f + T
4
)
−fT

eαA
em
T ρα + pe
ρ
A
2

 = 4piGeαAemT αρ. (18)
here
fT = ∂f/∂T , fTT = ∂2f/∂T∂T . (19)
With FRW and diagonal tetrads like previous section the modified Friedmann equations
are written:
H2 =
8piG
3
ρm − 1
6
(
f + 12H2fT
)
+ fT
(
ρm + pm
3
)
, (20)
The second equation is obtained as:
H˙ = −4piG (ρm + pm)− H˙
(
fT − 12H2fTT
)
−H (ρ˙m − 3 p˙m) fTT − fT
(
ρm + pm
2
)
. (21)
It is adequate to write effective energy density and pressure for a pair of the field equations
as the following:
ρeff = − 1
16piG
[
f + 12fTH
2 − 2fT (ρm + pm)
]
. (22)
peff =: (ρm + pm)×[
1 + fT /8piG
1 + fT − 12H2fTT +H (dρm/dH) (1− 3c2s) fTT
− 1
]
+
1
16piG
[
f + 12H2fT − 2fT (ρm + pm)
]
. (23)
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So, consequently we are able to rewrite the modified Friedmann equations in the following
commonly used forms:
H2 =
κ2
3
ρtot. (24)
H˙ = −κ
2
2
(ρtot + ptot). (25)
Where
ρtot = ρDE + ρm (26)
ptot = pDE + pm. (27)
The continuty equation for ρtot, ptot is:
ρ˙tot + 3H (ρtot + ptot) = 0. (28)
In the simple case of a perfect fluid, with a barotropic fluid, T = ρm − 3 pm. After this
brief presentation of the model we investigate the cosmological reconstruction.
4. A COSMOLOGICAL RECONSTRUCTION TECHNIQUE IN f(T,T ): GEN-
ERAL FRAMEWORK
The reconstruction method is a useful method to realize cosmological models ,has been
proposed in [15],[16]. Following the methodology of reconstruction [17],for any cosmological
era we have an equation in which Hubble parameter is a function of the scale factor:
H2 = H2(H20 , ρ
0
i , a(t)). (29)
Where ρ0i denotes the current values of different matter densities. Using this fundamental
expression, we can write (20) as the following first order partial differential equation for
f = f(T, T ):
h(T, T )− 1
6
(f − 2TfT ) + g(T, T )fT = 0. (30)
Where,
h(T, T ) = T
6
+
8piG
3
ρm, (31)
g(T, T ) =
(
ρm + pm
3
)
(32)
It has a family of solutions for a given set of functions {h(T, T ), g(T, T )}.
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5. ΛCDM MODEL IN f(T,T )
The first simple but important example is a model of the Universe in which we have
matter fields with density ρm and a positive cosmological constant Λ. The model is called
as ΛCDM. The basic equation of ΛCDM era is given by:
H2 = H20 +
κ2
3
ρ0a
−3 (33)
We adopt the units κ2 = 8pi, c = 1. Using the form of the energy momentum tensor, we
obtain:
T = ρm, pm = 0. (34)
The solution for (30) has a very simple form:
f(T, T ) = −6H20 +
√
|T |F (T
T
). (35)
The first term on the right side is a torsion scalar at the present time, the second term
contains an arbitrary function F . So, a wide class of the cosmological models exists. The
viability of this family is an important issue to be addressed via data. If we choice f(T, T )
as (35), ΛCDM model emerges.
6. f(T,T ) REPRODUCING THE SYSTEM WITH PHANTOM AND NON-
PHANTOM MATTER
Second example on reconstruction deals with an era of the Universe in which the Universe
is filled with a two component fluid mixture. One is phantom, with density ρpa
c1 and the
second one is non-phantom with the density of matter field ρqa
−c1 [17]. Since both densities
satisfy continuity equations separately, the barotropic parameters {wp, wq} are given by:
wp = −c1
3
− 1, wq = c1
3
− 1. (36)
When wq > −1 (early Universe), the dominant epoch is non-phantom and in the present
epoch (late time) wp − 1, so we live in the acceleration era and phantom is the dominant
portion.
The fundamental equation is:
H2 =
κ2
3
(ρqa
−c1 + ρpa
c1) (37)
If we set c1 = 4 we obtain:
T = ρm − 3pm = (1− 3wq)ρqa−4 + (1− 3wp)ρpa4 = 8ρpa4. (38)
So,exact solution of (30) reads:
f(T, T ) =
√
|T |G
( 3√|T |(−64ρp + ρqT 2)
ρq
)
. (39)
Here G is an arbitrary function.
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7. DE-SITTER UNIVERSE IN f(T,T ) GRAVITY
In the early Universe and also at the late time (asymptotically) the solution of the scale
factor is exponential, a(t) = a0e
H0t, with a constant Hubble parameter . The model is called
de- Sitter, and the model of the Universe is the de- Sitter Universe. This is an exact solution
of gravitational field equations with dust, the pressureless perfect fluid . So, we obtain:
H = H0, ρm =
3
κ2
H20 , pm = 0. (40)
Now exact solution for (30) is given by:
f(T, T ) =
√
|T |H(T ). (41)
Where H is an arbitary algebraic function.
8. EINSTEIN STATIC UNIVERSE IN f(T,T ) MODEL
Static scenario of the Universe, as an exact solution of Einstein field equations was the
first solution. The solution is vaccum, no source of any kinds. It defines vanishing Hubble
H = 0, T = 0, consequently T = 0. Exact solution of (30) is:
f(T, T ) = 0. (42)
There is no Einstein Universe in f(T, T ) gravity. We assume that limT →0 fT <∞.
9. RECONSTRUCTION OF PERFECT FLUIDS IN f(T,T )
Perfect fluids with barotropic EoS p = ωρ is a good (simple) example (no physically
viable) for scenarios of accelerated expansion. For this source field, we calculate:
τ = (1− 3ω)ρ. (43)
So, (30) reads:
−T
6
=
κ2
3(1− 3ω)T −
1
6
(f − 2TfT ) + (1 + ω)
3(1− 3ω)T fT . (44)
Exact solution for this equation is:
f(T, T ) =
√
|T |U
(
T T 1+ω3ω−1
)
− T + 4κ
2(1− ω)
(3ω − 1)(5ω + 1)T T
1+ω
3ω−1
+
2(1−ω)
5ω+1 . (45)
Here U is an arbitrary function.
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10. RECONSTRUCTION USING CHAPLYGIN GAS
One of the most interesting models for accelerated expansion is the Chaplygin gas (CG).
The model inspired from fluids in aerodynamic. The case of CG is defined by:
p =
−A
ρ
. (46)
This is the simplest example of CG. Generalized models are also amazing models but we are
investigating just this simple model. Using it, we find:
T = ρ+ 3A
ρ
, ρ(T ) = T ±
√T 2 − 12A
2
. (47)
Explicitly exact solution for (30) reads:
f(T, T ) = e
−
B(T )
2
2
(
2V
(
TeB(T )
)
+
∫ T
0
ρ(x)dx
A− ρ(x)2
[
TeB(T )−
1
2
B(x) + 2κ2ρ(x)e
1
2
B(x)
])
.(48)
Where:
B(x) =
∫ x
0
ρ(y)dy
A− ρ(y)2 . (49)
The model has so complicated form, here V is an arbitrary function.
11. f(T,T ) MODELS FOR SCALAR FIELD
As the last instructive example we study the cosmological reconstruction for the massless
scalar field. Such simple fields are important in high energy physics due to the invariance
under conformal transformations and solvability. The simple form of a minimally coupled
scalar field is given by:
Lm = −1
2
ωφ,µφ
,µ. (50)
Where ω is a dimensionless parameter. Energy momentum tensor for this matter Larangian
is:
Tµν = −1
2
ω
(
gµν(φ,αφ
,α)− 2φ,µφ,ν
)
. (51)
Using this tensor,trace reads :
ρm = T
0
0 =
1
2
ωφ˙2, (52)
pm = −T 11 =
1
2
ωφ˙2 = ρm, (53)
T = −2ρm. (54)
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Or:
pm = ρm = −T
2
. (55)
Exact solution for (30) is given by:
f(T, T ) = −2κ
2
3
T − T +
√
|T |W (T T ). (56)
The first term is TEGR, the second term is proportional to the Hubble parameter and the
last term is an arbitrary function W .
12. CONCLUSION
f(T, T ) is an extension of f(T ) gravity in which T is trace of the energy momentum tensor
of matter fields. It’s a healthy extension in f (T) gravity. Cosmological reconstruction is a
powerful technique in modified gravity invented to find the analogy of different cosmological
epochs in modified gravity. In this paper we investigated cosmological reconstruction in
f(T, T ). In any epoch we have a fundamental equation of Hubble and EoS. Using this
information we find f(T, T ). Such reconstructed models are able to explain the current
accelerating expansion of the Universe in the context of modified gravities. For this purpose
we must investigate effective as of dark energy. For a class of simple models it is already
done [14].
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